It is a well known property of a modular lattice L that if a, bÇzL then the quotient sublattices aKJb/a and b/aC\b are isomorphic. Morgan Ward [3] has proved that if the ascending or descending chain condition holds, then this property is equivalent to modularity. If the chain conditions are dropped, however, then there are simple examples of nonmodular lattices L for which a^Jb/a and b/aC\b are isomorphic for all a> b(~L.
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We shall show here that the isomorphism of all transposed quotients does in general characterize modularity, provided this condition is applied to the ideals of the lattice. More precisely, this result is the following.
If L is an arbitrary lattice, then L is modular if and only if f or every pair of ideals A> B of L, the quotients of ideals A^JB/A and B/AC\B are isomorphic.
Actually this result is a corollary of a more general theorem on compactly generated lattices. An element c in a complete lattice L is compact if for every subset SÇZL with c^US there exists a finite subset S'QS such that c^US'. A lattice L is said to be compactly generated if L is complete and every element of L is a join of compact elements.
THEOREM. Let L be a compactly generated lattice. If a\Jb/a and b/aC\b are isomorphic for all a, bÇï.L, then L is modular.
As the lattice of congruence relations of any algebraic system is compactly generated, compactly generated lattices play a fundamental role in the decomposition theory of algebraic systems, and in this regard the theorem would seem a natural one. 1 It is clear that for any lattice L, the lattice I(L) of all ideals of L is compactly generated. Thus, since I(L) is modular if and only if L is modular, the italicized statement in the second paragraph is a direct consequence of the theorem.
Throughout this note the usual notation and terminology is used. Lattice inclusion, proper inclusion, and covering, are denoted by the symbols ^, <, <, respectively. The quotient sublattice a/b is defined by a/b= {x(E.L\ b^x^a}.
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The proof of the theorem requires the following three lemmas. We may now proceed with the proof of the theorem. Suppose L is a compactly generated lattice satisfying the hypothesis of the theorem, but L is not modular. Then L contains a five-element sublattice {a,b,t,u,v} such that a>b and t\Ja = fiJb = u f tC\a = tf\b -v. If a does not cover b, then by Lemma 1 there exist elements p, qÇzL such that a^p>q^b.
Clearly tUp = t^Jq = u and tr\p = tC\q = v. Thus the sublattice {p, q, t y u, v} is a nonmodular five-element sublattice in which p>q. Hence we may assume that the sublattice [a, by t, u, v} was originally picked in such a way that a> b.
Let T be the set of all ordered triples (x, y> z), x, y, ZÇLL, such that xtta, y*tb, zè>v, and such that the following relations hold: is properly bigger than (a 0 , &o> »o), and since (a 0 , 60, *>o) was picked to be a maximal element of T, we have a contradiction. Thus L must be modular, and the proof of the theorem is complete.
